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Why Quantum Electromagnetics/Optics?

 Leaps and bounds progress of quantum technologies:
* Quantum communications—security and encryption
* Quantum computers—quantum parallelism

* Quantum sensing—enhanced sensitivity

- These are going to be transformative technologies

Chris J. Ryu  Erhan Kudeki

Classical EM knowledge has been with us for over 150 years. Lectures on
. .y ) Electromagnetic Field Theory:
Wish for a gradual transition from classical to quantum! A Comprehensive Overview
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Electromagnetics waves is analogous to elastic waves: masses
connected by springs.



Classical CEM and Quantum CEM

Both Classical and Quantum Maxwell’'s equations are
derivable from energy conservation!

Classical Maxwell's Quantum Maxwell’s
equations equations
~ OB
VxE = _oB VXE=——
ot Ot
) ) I
vxH=L :> VxH=—+J
Ot ot
V . B = O V ]§ O .
p: B’ Fields become quantum operators. A = j[g +B—]dV
H = J [— +—]d H
An operator must act on a state vector (quantum
state function). H|) = ihody| )
Cohen-Tannoudji et al (1986), Mendel and Wolf (1995).
Quantization of EM field: Glauber (1991), Huttner-Barnett (1992), Milonni (1995), Welsch (1996), Suttorp and Wub (2004),
Scheel and Buhmann (2008), Philbin (2010), A. Drezet (2017), Jauslin {2019).
Chew et al (2016).
Chew et al (2019). 4

Chew et al (Feb 2021, IEEE AP Magazine).



Classical Theory and Hamiltonian Theory

e lllustrate with a simple pendlum: Simple Hamiltonian

mechanics P2 R I'= % Kinetic Energy
H=T+V = + —mwiq? I R
2m 2 Vi=gre = ymed”  Potential Energy
e p, g are dynamic conjugate variables:
d dp OH  dqOH dp oH dq oH
—H (p(t),q(t) = 0= —— : - Y30 # -
dt (p(#): a(%)) dt Op * dt dq at 9q dt Ip
dp oH dg OH , ,
—_ = ——, = — Hamilton equations
dt dq dt Jp
=i Equations of motion: same as from Newton's law
° ;:;::% d’q 2 .
f-—i_,::; j m a’.t? — —wWngq = —R(q
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The Need for a New Theory that is Quantum

»-,"

e Planck’s radiation law (1900). -

pectral radiance (KA - s mr2: nm

E = hw

e \Wave-particle duality, De Broglie, 1923.
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The Birth of Schrodinger Equation

Story according to
Francis E Low of MIT

2 1

H = % + Em.wng =LK Classical Hamiltonian

P = hk E — hw De Broglie hypothesis and Planck’s law
Pk? 1 ‘

g g = e

W R— Q _ 1 — Q
th = dq _?’w 0t

h? 0? 1 ‘ 0

2 2 -
sV (g.t) + smwiq V(g t) = ih—V(q, 1)

2m Jq 2 ot

qj(q, t) ~ e?ﬁkq—iwt



Schrodinger Equation in Operator Form

e 2 Total E
27.2 ota
R L, P -
. + §'?Tlu.z0q W Classical Hamiltonian
| A-x=b
E) . E-) w -u=1, Resolution of Identity Operator
hk: = _Eﬁd_q —w = E -A-u-u-x=ua-b=—A  -x=b
5 aqz‘lf(q ) + 5mwyq V(g 1) = ih—-W(q.1)
) J s A An an 3 7
pz—fﬁd—q G=1q [p.q] =pq—qp=—ihl
P (q,1) + L W (q,t) = ih 0 W(q,t)
‘ q.t) + —mwyq°V(q,t) = th—WV(q,t
2m 2 ot State Vector
. 0 . )
HW(q,t) = zﬁ;if(q,f) H|W(t)) = mémf(m
i P2 1 State Variable Approach
= T —meq

2m 2 Hamiltonian Operator



Separation of Variables (A Sturm-Liouville Problem)

U(q,t) = Up(g)e !

h? d? N 1 5
2m dg? = 2 Mod

Eigenfunction

] VU, (q) = EnVa(q)

1
Eigenvalue En = hw, = (?1 + 5) huwo
= Photon Number State

1 mwqg _ mwg 2 mwo
IIIH e ! 2n 4 Hn
() \/2”??! \ 7h ‘ ( h q)

t_ i~ A Fock State
""""""""""""""" Analog of Fourier Harmonics
T € -9

ho

Needed to describe the physics of
a quantum pendulum




Probabilistic Interpretation of Quantum Theory

e Schrodinger postulated his equation motivated by the
works of his predecessors, Newton, Planck, and De
Broglie.

e But he didn’'t know the physical meaning of
Schrodinger wave function in his equation:

h2 0? B(q.) + 1 5 2\11( £) = ik 9, (q.1)
— — q.1 — MW ( q.t) = 1th—WV(qg.t
2m Jq? ) 2 09 4 Ot 1

e It was Max Born who associated the wave function
with probability distribution function (PDF).
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Probabilistic Interpretation of Wave Functions

[ ddvianf =19 @O©) =14 B0 B =1
T Dirac Matrix

[ da a0 = (a(0) = a(0) & @OII0) & B ! a-w

. - DC -
Dirac

it [ W 0.0) 590, 0) = ((0) = (0

q
ol (1) < w (1) B (1)

T T
Dirac Matrix

= —1hd/(9q)




Leslie Ballentine, Q. Mechanics, A Modern Dev.
p- 50: What is a Quantum Observable?

...Dirac, to whom we are indebted for so much of modern formulation of QM,
used the word indiscriminately...

Chinese Adage: If you believe in your book completely, it is better not to

have books; if you believe in your teacher completely, it is better not to
have teachers.

A dynamic variable in the quantum world becomes a random variable.
It is the hallmark of a quantum observable.

It is characterized by an operator-vector pair.

pe{p.Vig.t)}, qe{q¥(q1)}

peAp|¥(t)},  qg&{q|V())}



Heisenberg Picture vs Schrodinger Picture

Solvable in closed form  H | W) = ihd,| V)

W(t)) = e /0 (0))

O(f) — <1I}(f) éb|\IJ(t)> <:| SChI’Oding Picture
O(t) — <qj(0) eiﬁt/hése—iffﬁﬁ'qj(on <:| Heisenberg Picture

O(t) = (W(0)|O4 ()| W(0)) Oy (t) = /RO e~/
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Homomorphism—Heisenberg Equations of Motion
Repeated use of

~ — A, i fundamental commutator:
p(t)y=e™ pe” P
1§, p|=inl,
. 9,
1D(t : . 16 (t : N H.a" = —; =1y 3 M
B i), A0 ) B (G )
atl at P o A A
@ [}J:H} = ?hadH(pgq)
dp  OH(p,q) dqg  OH(p,q) e d» _ 0H dg OH
dt aqg dt — Op dt  Oq° dt  Op
Quantum Hamilton equations. Classical Hamilton equations.

« Homomorphism seen between classical and quantum Hamilton equations.
« Commutator induces partial derivatives.

Sir William Rowan Hamilton
(1805-1865)

W.H. Louisell, "Quantum statistical properties of radiation." (1973).
K. Gottfried, Kurt, and TM. Yan, Quantum mechanics: fundamentals. Vol. 2. New York: Springer, 2004.
W. C. Chew, A.Y. Liu, C. Salazar-Lazaro, W.E.I. Sha, "Quantum electromagnetics: A new look—Parts I & I1." /EEE Journal on

Multiscale and Multiphysics Computational Techniques 1 (2016): 85-97.
EMTS, 2025, Bologna, Italy



Hamiltonian—Classical Picture

H =1

,
/dr {EEQ(I‘,ZL) | B™(r.1)
2 14

Vv

V-A=0with & =0

er—k

/ dr
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Derivation of Classical ME from Hamiltonian Theory

HE(r.f)+(VXA(1f } /%h

1
Total Hamiltonian H = — /(II‘

2 £
1%
Y Hamiltonian density
ﬁ _ ﬂ ﬁ _ ﬂ Functional derivatives
oIl OII 0A  OA And partial derivatives

The conjugate dynamic variables,

oH _ OH OH E — A IT and A vary in tandem to keep the

SA  OA 0O total Hamiltonian H a constant.
OH OH OH 1 OT1 D% A
SA T OA A ) VX ot 12

V x H(r,t) = c0/E(r, t)
V x E(r,t) = —puo:H(r, t)

Classical Maxwell’s Equations!
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Rehash of the Previous Slide

i
—Ht

pHy=e " per

dp — OH(p.q)
dt oG
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dq

il

dj — OH(p.q)

3. |

T

Repeated use of
fundamental commutator:

(G, p]=inl,

dt

Op

~ 2 - ) 0 'A 7
dp  0H  dq 0H
dt — 9q¢’  dt  Op



Hamiltonian—Quantum Picture

H = % / dr 5]132(1‘.%) + Ez(r.f)] = . /n’.r [ﬁz(r-ﬂ +l (V % A(r'f))zl

1L 3 7
Lﬂ'

I

Gi(t), p;(t)] = ihdy;1

T SH _
pir. H| = —ith—— = 1hd;p; (1)
i l 0
TS oH _
G H| = ih " = ikdyi (t)
L N (_ﬁ"ﬂir R
Fa P 5H _ Fa
[H(r’.t).H] — i — RO 1)
EBA(I’".?‘-)
) . SH .
[A(r’_f)ﬂ] — ih—— — ihO,A(Y 1)
SH(I“'.#)

V x H(r.t) = c0,E(r. 1)

A Quantum Maxwell’s Equations!

V x E(r,t) = —pd,H(r.t)
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More on Quantum Maxwell’s Equations...

H|W(t)) = -z'ﬁ,a“f_.fn

V x H(r,t) = <0, E(r, t)
V x E(r,t) = —pd:H(r, t)

s

V x H(r, )| ¥(0)) = =0, E(r, t)|V(0))
V x E(r,1)|¥(0)) = —udH(r, )| ¥(0))

H(r, )| (0)) E(r,t)|V(0))

Ghost-Angel interpretation

Quantum parallelism:
Quantum Fourier Transform: (log n)?
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Operators in Normalized Coordinates

. 1 R . ) A
c=p e =g — =1
( d . Y
ot —ay = 2 p = —ihd/(dq)
T = a ) = —1
V2 ( ) dg < ’
Ladder Operators
at = 1 <_i 1 g) af = 1 (_@7} 4+ g) Raising Operator
V2 \ dE V2 |
1 d R | S .
= — [ — a=—(iT+& Lowering Operator
=5 (i) 7 (7+9)
Schrodinger Equation in Normalized Coordinates
HWV, (q) = —ﬁ’—2£+im~2f2 . (q) = E,V,(q)
n\q) = ) dq2 9 Wod n\q) = Ln¥npl\q).




Coherent State (What is it?)

ala) = ala)

) = e~lol?/2 Z
\/F

n=>0

&,lll!_n> — \/ﬁlqj-ra—'l)
aln) = v/ — 1)

This state remains coherent after being operated upon by the
annihilation operator, or the lowering operator.

Time-Evolution of a Coherent State

(1) = e W) o t) = e ae ™) = e
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More on the Coherent State

£ = 7 (' +a)  *Re’=? ft = % (af —a)  “m=?
£ = (6) = (al€lo) = —5(a" +0a) (ala) = VIRe (a) #
—r
T = (m) = (a|7]a) = E (a* — Ck)w = V23m () #0

2|a cos(wot + W)

—
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Coherent State is a Quantum Observable

A quantum observable is a random variable.
It is characterized by an operator-vector pair

of AE,

T={m.|a)}

{€1)]

iin In Unis

Ly
i
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Consider a Single-Mode Plane Wave—Semiclassical

Case H = %j dr {:’Ez[l‘. t) + BEETJ}.
Ag(z,1) =) %Ase'*-_‘i“”**"k” +ecc. Multi-mode case
~ 2
Az(z,t) = %,4;f;~—“~*‘~’+*'*'~’3 +e.c. Single-mode case
Hy = nghw;

A l”  nrhw
5| =

1:"“,{3

Consider a Single-Mode Plane Wave—Quantum Case
: 52

T b (r-f)]

[
V

Az, t) = 2A,(2, 1) = ;E?Z éége""“"iH'ﬁkfz + h.c. Multi-mode case
~ 2

EEQ(I‘:T-) +

. . | R A :
Az, t) =2A.(2,t) = ;i?the_"‘““-f”"‘*“'“ + h.c. Single-mode case

N i At ATA L Ve &y

H; = 1‘[ g-;,u? (AgAI + AE Ar) 5 i &.Lu‘fﬂg B \/;(1-1
. 1 R N . L " l

Hy = Shwy (&ga} +a ﬂ-z) = hwy (az' @+ 5)
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Quantum State Equation

Hy| W) = iho, | W)

. h o . A
Az(z,t) =4/ etk miaty, 4 e = Agj) z.t) + AE,:_)(:;:
2V ewy;
A(—I—}(? t) _ h €w‘1’€ikﬁ_witﬁ.g
T 2Wew,
AT (2, 1) = \/ k e gkt o f
. | 2V ewy ‘E
(ng| A (2 t)fi(;_) (z,t)|ny)
. X h nih
| AT (2. ) AT (2. 0)|ny) = nilataln;) =
(| Ay~ (2, 1) A7 (2, 1)) QVE:;L:;( flatalng) WV
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Wave of Arbitrary Polarization—Quantum Case
h

20V
WL

e a et FF=wt) L p o

FI — }}rh, T FI‘U

h

eqa e FFmet) L h o= A (p t) + A(_}(r, t)

seron) 2weV
A{—H(I‘ t) = Z f Tesﬁ.‘st‘%i(ﬁ"'z—m}
s (o) 2weV
A=) (r,t) = Z | h e atemi(kz—wt)
| QweV 8
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Quantum Surrealism:

‘ll’rone—photon> — A'U“—'U) ‘0h,> + Ah‘o-u> ‘ lh,) — A-u“--u) + Ah,‘lh,)

‘A-U‘Z + ‘Ah‘z = |

in'-,[ — <1D0ne_phgtgn|A(_) (r f) * A{—i_) (r t)‘l]:}ijﬂe—phﬂt-l::*l])

h
2Wew

h
2Vew

(LA (x,) - A (2, ) | Wone-photon) = [An?

(Lo AT (x,) - A (1, 1) [Wone photon) = [Au]?
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Polychromatic Photons vs Monochromatic Photons

h
2 1} EW]

o

n=S1

=1
N
generwl) H |”I H ‘?15}
=1

Single-Photon Case

‘Dp — |0>1 ‘1>p“'|0>N

N N
Dy =) dpll), = ) iyal,|0) = af - w|0)
p=1 p’'=1

&;E_?’witﬂhz + h.c.
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Two-Photon Case

e Unentangled Two-Photon Case

0@y = [0y @ [9)) = (T wp) |0) @ (af - wa) |0) = (aT - wp) (af W) [0)
((I}A‘llj(g}>

(@410) = ((@4]9)) @ [95)
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Two-Photon Case

e Entangled two-photon case

1w (2)y Z Z U, a; u”(l)

N\

5 28 0 32 M ¥ 3} 40 26 2 30 32 3 3/ 3| 40
wr/e wrfe

’,

2 4 6 B 10 12 44 16 18 2 4 8 & 10 12 14 16 18
ty [s] ty ]s|

Figure 39.4: Spectral probability amplitudes for (a) two entangled photons and (b)
two nonentangled photons. The degree of two-time coincidence count for (c) entangled
and (d) nonentangled photon pairs. The entangled photon pairs both strong temporal
correlation and frequency anti-correlation, but not for the non-entangled photon pairs
[5g].

EMTS, 2025, Bologna, Italy



Conclusions

Overview of quantum electromagnetics and their derivations
are given;

Quantum pendulum is used to understand quantum EM;

Hamiltonian theory based on energy conservation is
invoked;

Quantum Maxwell’s equations look strikingly similar to
classical Maxwell’s equations;

QME allow the assignment of quantum states and study the
discreteness of photons;

They allow the study of quantum interference, quantum
entanglement, and other quantum weirdness;

Advancement in quantum technologies will need more CEM
in the future, or solutions to quantum Maxwell’s equations;

A larger knowledge base is needed to advance this field.
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Final Words of Wisdom

The best way to win a war is to have no war
---Sun Zi, 500BC

e Advancing Technology for Humanity—Leah Jamieson (1949-) (Former Purdue
Dean of Engineering, IEEE President).

e “Technology is a gift of God. After the gift of life, it is perhaps the greatest of
God’s gifts. It is the mother of civilizations, of arts and of sciences.” —Freeman
Dyson (1923-2020).

All Humans Can Be Taught—Confucius (4SOBC).§q/ -
Love your enemy—Buddha (500BC) and Jesus Christ (20 AD). g /j %
Our human mind is the greatest gift of God! -

A3

save our planet Earth!
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